Math 10A
Worksheet, Midterm [ Review; Friday, 7/6/2018

Instructor name: Roy Zhao

Derivatives

Chain Rule

1. Find the derivative of f(x) = cos®(55).

Solution: We use the chain rule to get that

df . o 1 d 1
130 () tom(5)

1 1 1
= 3cos’ - | —sin i
3z +1 3x+1) dr3z+1
{ d

= 3 cos’ L - | —sin ! . ! —3x
B 3r+1 3z 41 (3x+1)2 dw

1 1
= 3 cos? - sin . 3 .
3r+1 3x+1) (3x+1)2

2. Find the derivative of f(z) = 2° cos(3x).

Solution: We use the product rule to get that the derivative is

d
2° - — cos(3x) + cos(3z) - d—x5 = 2" - —sin(37) - 3 + cos(3x) - Ha’.
T T

= —32°sin(3x) + 52* cos(3x).

3. Find the derivative of \/sin(2x).

Solution: Using the chain rule, this is
_ cos(2x)

(sin(22)) Y2 cos(22) - 2 = ————L
(sin(2z)) (2z) Jsn(n)

N | —

iﬂg(sin(%v))l/2 =
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4. Find the derivative of sin(y/z).

Solution: Again we use the chain rule to get

d ($1/2) _ COS($1/2) ) 1 Cpml2 = COS(\/@'

dz " 2 NG

5. Find the derivative of cot(3z?).

Solution: Chain rule gives

d
— cot(32%) = — csc?(32?) - 67 = —6x csc?(3z?).

dz

Inverse Functions

6. Find the derivative of arccot(z).

Solution: We know that cot(arccot(z)) = = by definition and so taking the deriva-
tive with respect to x of both sides of the equation gives

— csc?(arceot(w)) - arccot/(7) = 1,

and hence the derivative of arccot(z) is —(csc(arccot(r)))™2. We want to get rid of
the csc(arccot(x)) part and get it terms of a polynomial of z. In order to do so,
we use the “Pythagorean Theorem” of trigonometry, which is sin®(z) + cos?(z) = 1.
Dividing both sides by sin®(x) gives 1 + cot?(x) = csc?(x) and hence

—1 —1 —1

csc?(arccot(z)) 1+ [cot(arccot(z))]? T l+a?

7. Find the derivative of arcsin(z).

Solution: Starting with sin(arcsin(x)) = x, we take the derivative to get

cos(arcsin(z)) - arcsin’(z) = 1,
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and hence the derivative is ———rs. Now we use the fact that sin?(z)+cos?(x) = 1,

so that cos(z) = y/1 — sin?(z), to get that the derivative is
1 1

V1= sin®(arcsin(z)) V1 — a2

8. Let f(x) = xe” and let g be the inverse function of f. Given that f(1) = e, find ¢'(e).

Solution: Since g is the inverse of f, we know that f(g(x)) = = and thus taking the
derivative gives f'(g(x))-¢'(z) = 1. We plug in = = e to get f'(g(e))-¢'(e) = 1. Since
f(1) = e and g is the inverse to f, we know that g(f(1)) = 1, and hence g(e) = 1.
Now calculate that f'(z) =z - Le® 4 € - &Lz = ze” + ¢”. Therefore, we have that

L 1 _ 1 1
T = Fgle)) ~F)  1-etvel 2e

9. Let f(x) = 2° + 423 and let g be the inverse function of f. Given that f(1) = 5, find
g'(5).

Solution: Since f(1) = 5, we know that g(5). Also, note that f/(z) = 5z* + 1222

So, we have that
I f'g(5) — f(1) 5412 17

10. Let f(z) = 2° + x + 1 and let g be the inverse function of f. Find the derivative of g at
(3,1).

Solution: Note that f/(z) = 5z* + 1. We have that

) — gy L L 1
S B A (O

Implicit Differentiation

11. Find the derivative of the function 3?(6 — x) = 23 at (3, 3).
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Solution: We take the derivative of both sides with respect to x and use implicit
differentiation to get that

d o o d d
(6—I)%y +y -%(G—x)—%x
dy 2 2
— (6—x)(2y)-£—|— (—1) =3z
dy 322 + 12
dr — 2y(6 —x)

We want to find the derivative at the point (3,3), so when z = y = 3. Plugging that
into the equation, we get that value

dy  3(3%)+3> 36

== — =2
dr  2(3)(6-—-3) 18
12. Find ¢ given that 1 + & = 1.
Solution: We take the derivative to get that
_ _ 2r3 —2y2

d
13. Let y? = 2%(x — 1). At what points is d_y not defined?
x

Solution: We use implicit differentiation to get that

dy 2 dy 3.1'2 — 2x
oyl =3a? o = L=
ydx . . dx 2y
Thus, the derivative is not defined whenever y = 0. So, we need to find all points on
the curve such that y = 0. Plugging that in gives 2?(x — 1) = 0 and hence z = 0, 1
are the solutions. So, the derivative is not defined at the points (0,0) and (1,0).

14. Find % if In(zy) = e¥.
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Solution: Taking the derivative of both sides gives
1 / /
Ty

So, we have that

and so
dy 1

de — w(ev —1/y)’

15. Find when the curve z* = 222 — 2 has a horizontal derivative.

Solution: Taking the derivative gives 423 = 4z — 2yy’ and hence

dy 4z — 43 2w — 223
de 2y y

When the derivative is equal to 0, we have that 22 —22® = 0 and hence 2z(1—2?) = 0
sox = 0 or x = 1. Plugging x = —1 into the original equation gives 1 = 2 — ¢/
so y = *+1 and plugging = 1 into the original equation gives y = +1 as well.
Finally, plugging x = 0 into the original equation gives y = 0. But, note that at this
point, the derivative is not defined since y is in the denominator. Solving for y as

y = v2x2 — x4 gives

dy  2x— 223 2x — 23 2 — 222

dr V22 — a4 - /2 — x? - V2 — 22’

and by doing this, we see that the slope at (0,0) is not 0. Thus, there are only 4
points where the derivative is 0, namely {(—1,—1), (—1,1),(1,—1),(1,1)}.

L’Hopital’s Rule

16. Find lim v2x +1 — vz + 1.

T—00

Solution: Plugging in x = oo gives oo — oo, which is an indeterminate. We multiply
by the conjugate as our first problem solving technique to get

5 T 1 i
lim VIT T — VI T T = lim Var s 1 — Vo, Y2t ved
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) x
im .
e 2z + 1+ Vo +1
Plugging in x = oo give 22 which again is an indeterminate. But, this time, we can
use LL’Hopital’s rule and take the derivative of the top and bottom to get that this
integral is equal to

1
lim .
z=oo (2r + 1)71/2 + (2y/x + 1)1

Now plugging in x = oo gives

1 1 1
= — = 00.

/oo +1/oo  0F+0t 0+

Thus, the original limit is equal to oo.

x
17. Find lim ——.
z—o00 /12 — ]

Solution: Plugging in co gives co/oo which is an indeterminate and hence we try
to use L'Hopital’s rule. Doing so gives

Plugging in oo and using L’Hopital’s rule again gives

x
= lim ——,

z—00 /2 — ]

so it leads us back to where we originally were. We need another technique to solve
this. Since this is an infinite limit with * — +o00, we can divide the top and bottom
by the largest power of x that we see, which is just . Doing so gives

1 1 1
limLzlim -=1

w00 /22 — 1 xﬁmm:m:1

So, sometimes we need to use other techniques.

18. Find lim z/~.

T—r00

Solution: Plugging in oo gives oo, which is an indeterminate. In order to get rid
of an exponential indeterminate, we can raise everything to the eth power. So

lim /% = lim (e™*)V/% = lim e™®)/*,
T—00 T—00 T—00
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It suffices to compute the limit of (Inx)/z as + — oo. Plugging in oo gives oo/oo
which is an indeterminate and we can use L’Hopital’s rule to get that

T T L
T—00 T z—o0 1 o0

Thus, the original limit was e = 1.

19. Find lim z*.

z—0t

Solution: Plugging in 0" gives 0°, which is an exponential indeterminate. Thus, we
have that

lim z° = lim e*"2.
z—07F z—0F

So, we need to find the derivative of zlnz = Inz/(1/z). Plugging in 07 gives the
indeterminate —oo/oc. Thus, we can use L'Hopital’s rule to get

| 1
lim zlnz = lim nr im i: lim —x = 0.
20+ e=0t 1/x am0t —1/22  z-0t

Thus, the original limit was e = 1.

— 1 4 sin(x)?/2
20. Find lim 050~ 1+ sin(@)7/2
z—0 x

Solution: We repeatedly use L’Hopital’s rule to get

cos(z) — 1 + sin(z)?/2 i = sin(z) + 2sin(z) cos(z)/2

9151—% x4 z—0 43
— fim = cos(x) + sin(z)(— sin(x)) 4 cos(z) cos(z)
T a0 1242
_ 2(2) _ ain2 : B . o
— lim cos(x) 4 cos?(x) — sin®(z) — lim sin(x) — 2 cos(z) sin(z) — 2sin(z) cos(z)
z—0 1222 z—0 24x
— lim sin(z) — 4sin(z) cos(x)
z—0 24z
cos(z) — 4sin(z)(—sin(x)) — 4(cos(z)) cos(z) 1—-4 —1

= lim = = —.
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Application

Optimization

21. Find the area of the smallest triangle formed by the x axis, y axis, and a line that goes
through the point (1,1).

Solution: Suppose that the line goes through the point (0, yy). Then, the slope of

the line is 1_% and is described by the line y — yy = 1_%1: The x intercept is when

y =0 or when x = ys/fl. Thus, the area of the triangle is

1 Yo Y%
A _ — . et .
(%0) B Yo vo—1  2y—2

Setting the derivative equal to zero gives A'(y) = % =050 y*—2y* + 2y =
y(2 —y) = 0. The two solutions are y = 0 and y = 2. The second derivative is ﬁ
and so yo = 0 is a local minimum and yy = 2 is a local maximum. So the maximum

area is achieved by the line that goes through (1,1) and (0,2) with area 22 = 2,

22. Find the largest rectangle that can be inscribed into a semicircle of radius 2 so that one
side of the rectangle is part of the diameter of the semicircle.

Solution: Let the height of the rectangle be h. Then the other side of the rectangle
must be 2v/4 — h%2. So we want to maximize 2hv/4 — h?, which is the same as maxi-
mizing its square 4h%(4 — h?). Setting the derivative equal to 0 gives 32h — 16h3 = 0
so h = V2. The area is 2v/2 - V2 = 4.

23. Find the point on the curve y = 1 — y/z closest to (1,1).

Solution: The equation of distance is

V=2 + (y—mP = e -1+ (1 - Va1 =va? —2r+ 11z
=vVa2—o+1.

Thus, we want to find when v/x? — x + 1 is minimized. In order to find the minimum,
we can take the derivative and set it equal to 0. Doing so gives

20 — 1

2vVe2 —r+1
So, the point is (1/2,1—+/1/2) = (1/2,1 — 1/3/2).

0 = L
= xr = —.
2
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24. A rectangle is inscribed under the curve sinz for 0 < z < . This rectangle has two
vertices on the curve and one side on the x axis. What is the maximum possible area of
such a rectangle.

Solution: If one vertex on the x axis is at (xg, 0), then the other is at a point 2’ such
that sin(xo) = sin(z’). You can show that this point is 2 = 7 —xy. Thus, the vertices
of this rectangle are (¢, 0), (xo, sin(xy)), (7 — x0, 0), (7 — o, sin(zp)). Thus, the area
of the rectangle is (7 —x¢—x0) sin(xg) = (7 —2x¢) sin(xg). Taking the derivative with
respect to xq gives (m—2xq) cos(xg)+(—2) sin(zg) = 0 or (m—2z¢) cos(zg) = 2sin(xg).
Solving gives xy =~ 0.7105 so the total area is (7 — 2(0.7105)) sin(0.7105) =~ 1.122.

25. What is the point on y = €” closest to (1,0)?

Solution: We want to minimize the distance, which is

Vo= + =’ = Ve -1+ @ =07 = iz -1+ e

We take the derivative and set it equal to 0 to get that

2 — 1) + 2>
2/ (x —1)2 + e

The solution is z = 0 since 2(—1)+2(1) = 0. Thus, the closest point is (0,€°) = (0, 1).

0 = 2(z—1)+2e* =0.

Related Rates

26. A ball of light is bobbing up and down and whose position is given at a time t by
4 + sin(2t). A man who is 2m tall is standing 10m away. How fast is the length of his
shadow changing when ¢t = 07

Solution: If the ball is at height d, then drawing a picture tells us that the height
of the shadow satisfies the relation that % = % so dh = 2h 4 20. Taking the
derivative of both sides gives d'h + dh’ = 2h/. We have that d’ = 2 cos(2t) and when
t = 0, we have that d = 4 +sin(0) = 4 and d’ = 2cos(0) = 2. Solving for h gives
h =10 so

10-2+4n' =20 = h' = -10.

So the shadow is shortening at 10m/s.

27. A conical cup that is 6cm wide at the top and 5em tall is filled with water is punctured
at the bottom and water is coming out at a rate of 10~%7wm3/s. Initially, the cup is filled
How fast is the height of the water changing when the height is 3em?
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28.

29.

30.

Solution: If the height of the water is h, then the radius of the cone formed by the
water would be 3/5h and so the volume of the water cone is V = 7/3(3/5h)* - h =
3mh3

25

9rh?h/

V=
25

and plugging in —10757 for V’ and 3 - 1072 for h gives

979 - 1041/ 1 1
BT i L Ly &/ S
T 25 s.4 = 3215

Sand is being dumped in a conical pile whose radius and height always remain the same.
If the sand is being dumped in at a rate of 2rm?/hr, how fast is the height of the sand
changing when the pile is 5em tall?

Solution: Let the height of the pile be h. Then the radius of the pile is 7 = h and
the volume of the pile is V = ”32 b — ”Thd Taking the derivative gives V' = wh2H'.

Now we plug in 27 for V' and 5-1072 for h to get ' = 800m/hr = Z8m/s = 2m/s.

A kite is flying at a current altitude of 100m. The kite slowly flies further and further
away as the string length increases at a rate of 2em/s. Assuming the altitude does not
change, how fast horizontally is the kite moving when the angle the string forms with
the ground is 7/47

Solution: Let ¢ be the length of the rope, and d how far horizontally the kite is
flying. Then ¢? = 100% + d?. Taking the derivative gives 20¢' = 2dd’. When the angle
the string forms with the ground is 7/4, we calculate that £ = 100y/2 and d = 100

s0 d = 0022302 _ 9. /5 102 /5 or 2\/_cm/s

A ladder 13m tall is lying against a wall. The bottom of the ladder is pulled out at a
rate of 10cm/s. How fast is the area of the triangle formed by the ladder, wall, and floor
changing when the bottom of the ladder is 5m away from the wall?

Solution: Let d be how far the bottom of the ladder is away from wall. Then
the area of the triangle formed is 1 - d-+1/169 — d2 = A. Squaring both sides gives

2
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4A? = d*(169 — d*). Now we can take the derivative to get that 8AA’ = 2dd’(169 —
d*) + d*(—2dd’). When d =5, the areais 1 -5-12 = 30 and so

8:-30-A' =25 d'(144) + 25(—10d) = 240A’ = 1190d.

- _ 10! _ 119, 2
Since d' = 107'm/s, we have that A" = 5zm?/s.

Taylor Series

31. Use the third order approximation to find sin(0.5).

Solution: We expand around 0 since sin (0 = 0. We find that

x3

sine ~ r — —,

6
and so sin(0.5) &~ 0.5 — 0.5%/6 &~ 0.4792.

32. Approximate /99 using a quadratic regression.

Solution: We expand f(x) = y/z around x = 100 to get that

£"(100) 9 r—100 (x —100)?
~ f(100 '(100)(z — 100 —100)" =10 —
VE & £(100) + £/(100)(z — 100) + I (0 — 100 = 10+ L= —
Thus, we have that
-1 (=1)2 1 1
VIO~=10+——-——"Z=10— — — ——.
i 20 8000 20 8000

33. Use the second order approximation to find In 1.01.

Solution: We know that In1 = 0. So we can expand out at x = 1 to get

(=1

nz~0+(zx—1)— 5

Thus, we have that In1.01 ~ (0.01) — 22 = 0.00995.
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34. Use the second order approximation to v/8.1.

Taylor series expanded at x = 8 to get

r—8 (z—28)?
v x ~2 — .
Ve + 12 288

So plugging in 8.1 gives

3 1 1
VE8lI~24+ — — — &~ 2. .
8 + o 233 008

Solution: A close cube that we know is 23 = 8. So we calculate the second order

35. Use the quintic order approximation to find e.

2 5(73 134 135

X
Tl ST
e tet T Tt ot

Thus, we have that e ~ 1+ 1+ 1 =% + &, + 135 = 2.717.

Solution: We know that e® = 1 so we can expand e® around z = 0. Doing so gives

Newton’s Method

36. Use Newton’s method once to approximate v/8.1.

us to recursively apply the equation

, flx) 3 —8.1
Py =t e

Our first guess is x = 2 and the next step is

8§ —28.1 1
— =2+ — = 2.008.

9 -
322 120

Solution: We want to find the root of the equation 2® — 8.1. Newton’s method tells

37. Approximate /99 using Newton’s method once.
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Solution: We want to find the root of the equation z? — 99. Newton’s method tells
us to recursively apply the equation

;L flz) % — 99
x—x—f,(x)—x— P

Our first guess is x = 10 and the next step is

100 — 1
100299 gL g5

1
0 20 20

38. Find the critical points of g(z) = sin(x) — 22

Solution: We want to find when the derivative is 0 or when f(x) = cos(x) — 2z = 0.
Taking the derivative again, we find that it is —sin(z) —2 < 0 for all . So this
function is always decreasing and has a unique root. We plug in z = 0 to start, then
calculate

R | C) R S

Tr =

TP T T2 2

The real solution is ~ 0.45.

39. Find the unique solution to (7 —2x) cos(z) = 2sin(x) on the interval [0, 1] using Newton’s
method with an initial guess of » = 7.

Solution: We want to find the root of f(z) = (7 — 2x)cosx — 2sinx = 0. Taking
the derivative, we have that f'(z) = — (7 — 2z)sinz — 4 cos z. Now using Newton’s
method gets that

: flo) 7 (@/2(v2/2) -2(v2/2) 7 7V2-4V2

~~ 0.7084.

TUTT@ 1T (V22 -4V A —na—s2

s

40. Find when cos(x) = x using Newton’s method and an initial guess of x = .

Solution: We want to find the root of f(x) = cos(z) — x = 0. We calculate that
f'(x) = —sin(z) — 1. Newton’s method gives us that

;L f(l’)_ﬂ' \/5/2—77'/677'[' T N
. _x_f’(x)_E_W_EJF\@?)_@_EJF\@SNO'%N'
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Functions

Domain/Range

41. Find the domain of y = /9 — (22 + 3)2.

Solution: The domain of f(z)+ v/9 — 22 is [—3, 3]. So we have that y = f(2x + 3)
and to find the domain of y, we apply the linear transformations to f. So, first we
subtract by 3 to get [—6,0] and then we divide by 2 to get [—3,0] as the domain for
y. The reason we do it in reverse is that you should remember the general mantra
that everything you expect would happen, the opposite happens for x.

42. Find the domain of y = \/31_7

Solution: First, the square root must be defined and so 3 —x > 0 or z < 3. Then,
we also need that the denominator cannot be 0 so 3 —x # 0 or z # 3. Therefore,
the domain is {z : 2 <3 Az # 3} ={z: 2 <3} = (-0, 3).

43. Find the domain and range of 2 — arccos(3z + 2).

Solution: For the domain, the domain of arccos(x) is [—1, 1]. The linear shift 3z +2
shifts the domain left by 2 then divides by 3 to get [—3,—1] and then [—1,—1/3],
which is the domain. For the range, the range of arccos is [0, 7] and so 2—arccos(3x+
2) first multiplies the domain by —1 to get [—m, 0] and then adds 2 to get [2 — 7, 2]
as the range.

: . In(z+3)
44. Find the domain of DV R

Solution: The numerator must exist and hence x +3 > 0 or z > —3. The denomi-
nator must exist and hence 2 —x > 0 or x < 2. Also, the denominator cannot equal
0, so x # 2. The domain is the intersection of all 3 requirements and hence the
domain is

{r:x>-3nNe<2ANzx#2}={zr:-3<z<2}=(-3,2).

45. Find the domain of
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3
Solution: We need that ] *

-
changes direction so multiplying by 1 — z gives 3 —x < 0 or x > 3. If z < 1, then
1 — 2 > 0 so the inequality doesn’t change direction so 3 —x > 0 or z < 3. Thus,
the domain is the union of the regions

> 0. Ifx > 1, then 1—2 < 0 and hence the inequality

{z:x>1Ne>3}U{z: 2 <1Ax<3}=(—00,1)U][3,00).

Inverse Functions

46. Find the inverse of f(z) = _?2 —

Solution: We want to solve for x in terms of y so

(y+1) 2 = =2
T = — r=—>7
y y+1

is the inverse.

47. Find the inverse of %g'

Solution: Solving for x in terms of = gives v/3z = by — 4 so = = (5y — 4)?/3.

48. Find the inverse to 2 on (—o0,0].

Solution: The inverse to 2% is ++/x but since the domain of 22 is (—o0, 0], the range
of the inverse should be (—oo, 0] which means that we should take the negative sign
so the inverse is —4/z.

49. Find the inverse to e?*3,

—3+1Iny

Solution: The inverse has Iny = 2z + 3 so solving for = gives x = 5

50. Find the inverse to —v/In z.
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Solution: Solving for z in terms of y gives x = ¢¥’. But, the range of x is (—oo, 0]
and hence the domain of the inverse is (—oo,0]. So the inverse is e ¥ on (—oc, 0).

Graphing

51. Sketch the graph of f(z) = — 1
x

~@* ~ 1)

Solution: Take the derivative and second derivative to get f'(z) = ICEwIE and
x

2z (2% — 3
f'(x) = % We want to make a table and the values we care about are
x
when f'(z) =0, f”(x) = 0, and when they are not defined. They are always defined

and solving f'(x) = 0 gives 22 —1 = 0so z = £1, and f"(x) = 0 gives z(2? —3) = 0.
So the points we need to put in our table are z = 0,41, £1/3. We fill out the table
the sign of f/, f” on these intervals to get
<—V3|-V3 —1 0 1 V3| V3 <

— [l o [+[+[+]0][-]~-
0| +

(x) = xlggl@ f(z) =0. So

f'(x)
f'(x) | — O |+ + | +|0]—]—|—
Now we calculate the limits as * — £o0o. We have lim f

T—>—00
there is a horizontal asymptote at y = 0. We can now use this to produce something
similar to the following graph noting that f will have a local minimum at x = —1
and maximum at x = 1 by the second derivative test.

0.6
0.4 .
H
0.2 e .
[ ]
[ ]
0 . )
[ ]
[ ]
—0.2| H )
o
—04 | .
—0.6
-6 -4 -2 0 2 4 6

1
52. Sketch the graph of f(z) =z + 1
x j—
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1
Solution: Take the derivative and second derivative to get f'(z) = 1— —— and

(x —1)?
2
f(x) = W We want to make a table and the values we care about are when
I‘ J—
f'(x) =0, f’(x) = 0, and when they are not defined. They are not defined when
r = 1 and solving f'(z) = 0 gives (z — 1)> = 1so z = 0,2, and f’(z) = 0 has no
solutions. So the points we need to put in our table are x = 0,1,2. We fill out the
table the sign of f’, f” on these intervals to get

f'(x) + 0 — | DNE | - 0 +
f"(x) — —| — |DNE| + |+
Now we calculate the limits as x — +o0o. We have lim f(x) = —oo, lim f(z) =
T—>—00 T—00
oo. Then since f is not defined at x = 1, we calculate the limits of f there with
lim f(z) = —o0, lim+ f(z) = oo. So there is a vertical asymptote at x = 1. We can
z—1— z—1

now use this to produce something similar to the following graph noting that f will

have a local minimum at z = 0 and maximum at x = 2 by the second derivative test.

20

—50 |- N

-2 -1 0 1 2 3 4

53. Sketch the graph of f(z) =3 — 15z — 62% + 2.

Solution: Take the derivative and second derivative to get f'(x) = —15 — 12z + 322
and f”(z) = 6z — 12. We want to make a table and the values we care about are
when f'(z) =0, f”(x) = 0, and when they are not defined. They are always defined
and solving f'(x) = 0 gives > —4x —5 = 0s0o z = —1,5, and f"(z) = 0 gives z = 2.
So the points we need to put in our table are x = —1,2,5. We fill out the table the
sign of f’, f” on these intervals to get

(—o0,—1) | =1 | (=1,2) | 2 | (2,5) | 5 | (5,00)
f'(z) + 0 — - = 10 +
() — — | - + |+ +

=}
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Now we calculate the limits as * — £oo. We have lim f(z) = —oo, lim f(x) = oc.
T—r—00 T—00
We can now use this to produce something similar to the following graph noting that
f will have a local minimum at x = 5 and maximum at x = —1 by the second
derivative test.
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54. Sketch the graph of f(z) = z 1
T

2

Solution: Take the derivative and second derivative to get f'(z) = W and
x

—4
f(z) = a1 We want to make a table and the values we care about are when
x
f'(x) =0, f"(x) = 0, and when they are not defined. They are not defined at z = —1
and solving f’(z) = 0, f”(x) = 0 has no solutions. So the points we need to put in

our table is just x = —1. We fill out the table the sign of f’, f” on these intervals to

get
(—OO,—l) —1 (_1700)
f'(x) + DNE +
1" (x) + DNE +

Now we calculate the limits as x — +oo. We have lim f(z) = lim f(z) = 1. So
T—r—00 T—00

there is a horizontal asymptote at y = 1. Now we calculate what happens as x — —1
and we have lim f(x) = oo, lim+ f(z) = —o0 so it has a vertical asymptote at
z——1

Tz——1"
x = —1. We can now use this to produce something similar to the following graph.
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55. Sketch the graph of f(z) = e® + 2¢~".

Solution: Take the derivative and second derivative to get f'(z) = e* — 2e™* and

f"(x) = e" +2e~*. We want to make a table and the values we care about are when

f'(x) =0, f"(x) = 0, and when they are not defined. They are always defined and

In2
solving f’(x) = 0 gives €** = 2 s0 © = HT, and f”(x) = 0 has no solutions. So the

point we need to put in is just x = lr172 We fill out the table the sign of f’, f” on
these intervals to get

(—00,(In2)/2) | (In2)/2 | ((In2)/2, 00)
f'(x) - 0 +
(@) + + +

Now we calculate the limits as z — £oo. We have lim f(z) = lim f(z) = oco. We
Tr——00 Tr—00

can now use this to produce something similar to the following graph noting that f

n
will have a local minimum at z = - by the second derivative test.
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1 True/False

TRUE False You can tell what the domain and range of an inverse function is only
from the domain and range of the original function

TRUE False The horizontal line test tells us whether a function is injective or sur-
jective.

True FALSE The range of e” is [0, 00).
True FALSE If lim, o f(x) exists, then lim,_,o f(x) = f(0).

TRUE False Extrema of a function must occur when the derivative is 0, when it
doesn’t exist, or at the endpoints.

True FALSE The expression 0> is an indeterminate.

TRUE False The continuity law for subtraction follows from the limit law for sub-
traction.

TRUE False The continuity of a constant function follows from limit laws.

True FALSE The continuity law for rational functions follows only from the limit laws

for ratios.

TRUE False If f is not continuous at x = ¢, then f is not differentiable at x = c.

True FALSE We can use the power rule to find the derivative of x*.



